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(A.)

X: /C:
proper g

− r s.t. 2g − 2 + r > 0

� X

Köbe :
X X̃ ∼= H
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X

H/π1(X )

X ⇐⇒ π1(X ) � H

π1(X ) +
↑ ↑

[ ] + [ ]
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(B.)

K:
XK : K

XK �→ π1(XK)

...(compact (profinite)
XK

( K = C

πtop
1 ( X )

4



K

1 → π1(XK) → π1(XK) → Gal(K/K) → 1

π1(XK)

ΓK
def= Gal(K/K)
π1(XK)

K= =⇒ XK

(g, r)

K= p =⇒ XK
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p

ΔX
def= π1(XK) pro-p

ΠXK

def= ΔX/Ker(π1(XK) → ΔX)

1 → ΔX → ΠXK → ΓK → 1

=⇒ ΓK → Out(ΔX) def= Aut(ΔX)/Inn(ΔX)

ΓK ΔX

⇐⇒
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XK �→ {π1(XK) + ΓK � π1(XK) }
{ΔX + ΓK � ΔX}

C

� �→
↔

Grothendieck

XK

(anabelian)
K
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(C.)

K p ⊆ Qp

K Q
K Qp

K = ∪
[K′:Q]≤N

K ′

XK /K
SK smooth /K

XK(SK)dom ∼→ Homopen
ΓK

(π1(SK), π1(XK))
∼→ Homopen

ΓK
(ΠSK , ΠXK )
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L, M /K

HomK(M, L) ∼→Homopen
ΓK

(ΓL, ΓM )

(i)

(ii) XK

ΠXK

Köbe

p
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(iii) Tate
=⇒ Tate

(ii)

Tate p

(iv)

· Isom
· Isom

(v) K Q Isom
Pop
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(D.)

: {ΔX + ΓK � ΔX}
XK

C H

, e.g.,
H/SL2(Z), Poincaré

H →
↓ � ‖

↪→
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.  .  .  . .  .  .  .

SL2(Z)

=⇒ p

=⇒ p Hodge
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Grothendieck

←→

=

étale +
Galois

p Hodge

p

de Rham
(crystalline)
cohomology

←→ p étale
cohomology

= étale +
Galois
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[K : Qp] < ∞,
XK = XK , non-hyperelliptic

=⇒ Δab
X � Tp(JX

K
)

JX
K

XK Jacobi

Hodge-Tate Cp = K̂

Δab
X ⊗

Zp

Cp
∼= {DX⊗

K
Cp} ⊕ {D∨

X⊗
K
Cp(1)}

DX
def= H0(XK , ωXK/K)

non-hyperelliptic =⇒

XK ↪→ PX
def= P(DX)
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XK YK

ΓK

ΔX
∼= ΔY

=⇒ Δab
X

∼= Δab
Y

=⇒ DX = (Δab
X ⊗ K̂)ΓK

∼= (Δab
Y ⊗ K̂)ΓK = DY

⇓

P(DX) = PX
∼= PY = P(DY )⋃ ⋃

XK
?��� YK
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PX
∼= PY⋃ ⋃

XK
?��� YK

XK , YK

DX = H0(XK , ωXK/K)

p
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Grothendieck
p

II. p Hodge

A.

B.

C. Faltings

D. J-

E. Malčev p Hodge
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(A.)

[K : Qp] < ∞;
XK , YK

ΓK � ΔX
∼= ΔY

⇓

DX = (Δab
X ⊗ K̂)ΓK ∼= (Δab

Y ⊗ K̂)ΓK = DY

DX
def= H0(XK , ωXK

)
DY

def= H0(YK , ωYK )

⇓

P(DX) = PX
∼= PY = P(DY )⋃ ⋃

XK
?��� YK
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⇐⇒ ∀i ≥ 1,

Ri ⊆ i⊗ DX
∼→ i⊗ DY → Di

Y

Di
X

def= H0(XK , ω⊗i
XK

))

Di
Y

def= H0(YK , ω⊗i
YK

))

Ri
def= Ker(

i⊗ DX → Di
X)

↑

3



(B.)

∃ stable Y → Spec(OK) s.t.

Y ⊗OK K = YK

℘ ∈ Y ⊗OK
k

special fiber generic

⇓
OL

def= (Ôunram
Y,℘ )∧; ΩL

def= {L }

=⇒ dimL(ΩL) = 1;
∃ ξY : Spec(L) → Y;

⇐⇒
Ri → Di

Y

ξY
↪→ Ω⊗i

L
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i⊗ DX → Ω⊗i
L

Ri ⊆
i⊗ DX

(i) DY → ΩL

⇓
Spf(OL)

(ii) π1

DX → ΩL
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Spf(OL) → Y
(iii)

OL
∼= {(Zp[t])

∧, unram
(p) }∧

Spf(OL) YK

Spf(OL) YK

Spf(OL)
YK XK

XK YK
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(C.) Faltings

ΓL/K
def= Ker(ΓL → ΓK) = ΓL·K

=⇒ Faltings,

∃ ΓK-

H1(ΓL/K , L̂(1)) ∼= ΩL⊗̂KK̂

t1/p∞ ↔ (dt/t)

“log” · L ⊗̂K K̂

Hodge-Tate

=⇒
Hodge-Tate
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DY → ΩL

π1 :

H1(ΔY , K̂(1))ΓK → H1(ΓL/K , L̂(1))
‖ ↑ �

DY → ΩL⊗̂KK̂

H1(ΔX , K̂(1))ΓK
∼→ H1(ΔY , K̂(1))ΓK

‖ ‖
DX

∼→ DY

( )⊗i

π1
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αY
def= π1(ξY ) : ΓL → ΠYK

ΠYX
∼= ΠXK

αX : ΓL → ΠXK

(∗geom) αX

∃ ξX : Spec(L) → XK

αX
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(∗geom)

H1(ΔX , K̂(1))ΓK → H1(ΓL/K , L̂(1))
‖ ↑ �

DX → ΩL⊗̂KK̂

Faltings
ξX

=⇒ ξ∗X(Ri) = 0

(∗geom) =⇒

(∗geom)
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(D.) J-

(∗geom) ⇐⇒ {αX }

⇓
αJ

X : ΓL → ΠXK → Π
J

(1)
XK

J
(1)
XK

XK Albanese

1 → Δab
X → Π

J
(1)
XK

→ ΓK → 1

αJ
X ? ∈ J

(1)
XK

(L)

αX J-

αX J-
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αJ
X :

(i) ? ∈ YK(K)

βY : ΓK → ΠYK

βJ
X : ΓK → ΠYK

∼= ΠXK → Π
J

(1)
XK

(ii) “αJ
X − βJ

X”

∈ Im(H1(ΓL, Δab
Y )) ⊆ H1(ΓL, Δab

X )
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(ii)

Tate =⇒ Δab
X

∼= Δab
Y

Formal gp.(JXK ) ∼= Formal gp.(JYK )

“αJ
Y − βJ

Y ” ∈ H1(ΓL, Δab
Y )

=⇒

“αJ
X − βJ

X”
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(E.) Malčev p Hodge

βY : ΓK → ΠYK

1 → ΔX → ΠXK → ΓK → 1

=⇒ ΓK
βY
� ΔY

⇓
ΔY K̂ Malčev

⇐⇒ (1), (2) nonzero
Tate twist

0 → ∧2 DY ⊗K K̂ → ZY →
DY ⊗K K̂ → 0
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ZY K̂ Lie ΓK-

Bloch-

⇓
{βJ

Y J- } ⇐⇒ { ZY }

ΓK-

{βY
� ΔY } ∼= {βX

� ΔX}

=⇒ ZY

ΓK∼= ZX
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{βY J- } ⇐⇒ {βX J- }

(i) βJ
X

16



Grothendieck
p

III.

A. J- Chern

B.

C.

D.

1



(A.) J- Chern

αY
def= π1(ξY ) : ΓL → ΠYK

ΠYX
∼= ΠXK

αX : ΓL → ΠXK

αJ
X : ΓL → ΠXK

→ Π
J

(1)
XK

ΠXL

(id,αX)−→ ΠXL×LXL
−→ Π

XL×LJ
(1)
XL

“[π1, ] = 0”

2



c1(diagonal) ∈ H2(ΠXL×LXL ,Zp(1))

∈ Q · Im{c1(M) ∈ H2(Π
XL×LJ

(1)
XL

,Zp(1))}

=⇒
Kummer exact sequence

ηX = c1(∃L) + torsion

ηX
def= (id, αX)∗c1(diagonal)

c1(OXL(ξX))

ξX

3



=⇒ deg(L) 1

XL deg=1 line bundle

=⇒ L⊗m = OXL
(D)

m= p

D =
⋃

Spec(Li); [Li : L] < ∞

=⇒ ([∃Li : L], p) = 1

=⇒ Li/L tamely ramified!

YK(L) �= ∅ =⇒ XK(Ltm) �= ∅
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(B.)

αYL
: ΓL → ΠYL

∀ i ≥ 0

ΔY i
def= (Image(αYL

)) · Δ<i>
Y ⊆ ΠYL

Δ<0> def= Δ

Δ<i+1> def= (Δ<i>)p · [Δ<i>, Δ<i>]

⇓
ΔY i � ΓL

étale

. . . → Y i+1
L → Y i

L → . . . → YL
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αXL : ΓL → ΠXL

. . . → Xi+1
L → Xi

L → . . . → XL

αY = π1(ξY )

Image(αYL : ΓL → ΠYL) ⊆ ΔY i

⇓

ξY ∈ YL(L) ξi
Y ∈ Y i

L(L)
(A.)

⇓

∀ i ≥ 0, Xi
L(Ltm) �= ∅
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∀i ≥ 0,

ξi
Xi ∈ Xi

L(Ltm); ξi
X

def= ImageX(ξi
Xi)

⇓

ξi
X

p−→ ∃!ξX ∈ XL(L) ⊆ XL((Ltm)∧)

s.t. αX = π1(ξX).

:

(i)

(ii) (∗geom)

(D.)
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(iii)
Anderson-

p Hodge
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(C.)

“ΔXi”
‖

ΓL

π1(ξ
i

Xi )−→ ΠXi
L

−→ ΓL

‖ ⋂
“αX” ↓

ΓL
π1(ξ

i
X)−→ ΠXL

−→ ΠXL
/Δ<i>

X

idΓL

modulo Δ<i>
X ,

“αX” ≡ π1(ξi
X) : ΓL → ΠXL
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i = ∞ Fal-
tings (II.) (C.)

H1(ΔX , K̂(1))
π1(ξ

i
X)∗−→ H1(ΓL/K , L̂(1))⋃ ‖�

DX ⊗K K̂
dξi

X−→ ΩL⊗̂KK̂

⇓

ξi=∞
X PX
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ξi=∞
X ∈ XL(L) ⊆ PX(L)

i �= ∞ Faltings
p ∀i ≥ 0,

“αX” ≡ π1(ξi
X) : ΓL → ΠXL modulo Δ<i>

X

⇓

ξi
X mod pi−∃c

XK ⊆ PX =⇒
{ξi

X} p
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(D.)

K: p ⊆ Qp

XK /K
SK smooth /K

XK(SK)dom ∼→ Homopen
ΓK

(π1(SK), π1(XK))
∼→ Homopen

ΓK
(ΠSK , ΠXK )

[K : Qp] < ∞
=⇒ p Hodge

XK , SK = YK

proper, non-hyperelliptic
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open
ΓK � ΔX

∼= ΔY

DX = (Δab
X ⊗ K̂)ΓK ∼= (Δab

Y ⊗ K̂)ΓK = DY

DX
def= H0(XK , ωXK )

DY
def= H0(YK , ωYK )

⇓

P(DX) = PX
∼= PY = P(DY )⋃ ⋃

XK
?��� YK
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YK stable model Y → Spec(OK)

Spec(L) → YK

L
def= (Ounram

Y,℘ )∧

℘ = Y special fiber ∃ generic point

π1

αY : ΓL → ΠYK

αY

αX : ΓL → ΠXK
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αX

? ∈ XK(L)

αX

αJ
X : ΓL → Π

J
(1)
XK

Bloch-

⇓

Chern XL(Ltm) �= ∅
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αX XL

tame
tame

⇓

ξX p

αX = π1(ξX)

⇓

αX
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